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Tool-Life Distributions 
Part 1: Single-Injury Tool-Life Mode! 
The statistical variability of tool life in production machining must be accounted for in 
any rational design of large-volume or automated manufacturing systems. The probabilis-
tic approach needed for such a design is presently limited by lack of data on tool-life dis-
tributions and by lack of knowledge of the underlying causes giving rise to tool-life scatter. 
Given these circumstances, on the basis of relevant physical arguments one may construct 
probabilistic models that produce distribution functions germane to the problem of tool-
life scatter. This paper is concerned with such a study. This first part presents the results 
obtained on the assumption that the useful life of a tool is terminated by a single, cata-
strophic injury. Cases where resistance to tool failure is time-independent and time-de-
pendent are examined. The case of tool failure caused by multiple injuries will be present-
ed in Part 2. 
Introduction 
In production machining operations considerable scatter in tool 
life is more often the rule than the exception. Since commercial en-
gineering materials require a permissible variation within specified 
ranges of chemistry and mechanical properties for their economical 
production, a corresponding variation in the properties that degrade 
the tool during its operational life must be expected. Similarly, the 
tools themselves possess permissible variations in their constituents 
and properties. The tool life that is obtained under production ma-
chining conditions must in part be the result of a statistical interaction 
between the variability inherent in the work material and the varia-
bilities in the tool. 
In addition to the variability in structures and properties of work 
materials and tools, variabilities can also be expected in the mate-
rial-handling performance of the processing systems, particularly 
when rough components are handled. For example, when forgings and 
castings are chucked for the first operation, it is not always possible 
to locate them identically in either manual or automatic chucking 
systems. The variability arising from this cause will here be referred 
to as mischucking to distinguish this source of variation from gross 
error in the operation, i.e., a mischucked component can be machined 
successfully to specifications. 
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Rough components such as forgings and castings may in addition 
possess geometric irregularities such as flashes, fins, and gate and riser 
remains due to less-than-perfect trimming and fettling, die or mold 
mismatch, etc. Such geometric defects may give rise to variable and 
unpredictable tool loadings that may exceed the mechanical strength 
of the tool. Face-milling cutters experience mechanical shocks due 
to the nature of the milling operation. In such applications, when the 
cutter diameter exceeds the face width of the component, the en-
gagement frequency is raised and may pose a life problem if the cutter 
is improperly designed. In milling, the tool experiences thermal cy-
cling, in addition to the periodic mechanical loading. It is thus seen 
that in production machining operations there can be considerable 
perturbations from the ideal machining conditions that are simulated 
in laboratory tool-life studies. Scatter in tool life or a finite distribution 
in tool life is the natural consequence. 
There have been several studies of tool-life scatter. Wager and 
Barash [l]2 examined the scatter in the tool life of high-speed steel 
while machining a low-carbon steel. More recently, Doyle [2] exam-
ined tool-life scatter in the case of high-speed steel taps and traced 
the scatter to a lack of control in processing, particularly the grinding 
of the taps. In this paper the problem of tool-life scatter is addressed 
in analytic terms using probability theory. The notion of a hazard 
function is developed. By using physically meaningful concepts of risk 
of tool failure, the tool-life distribution that can be expected is de-
rived. 
Hazard Function 
Let f(t) denote the probability density function of tool life and F(t) 
the associated cumulative distribution function. Let it be supposed 
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that a tool has been in use for a time c. The conditional probability 
P(. of this tool failing subsequently in the interval a to b (c < a < b) 
is given by 
f(t)dt 
PAa^t^b) •• 














l - P ( c ) 
since PAc) = 0. Equation (3) is the conditional cumulative distribu-
tion function valid for c < t < •». The corresponding probability 




It is noted that when c = 0 
1 - P(c) 
fe(t)c=0 = f(x) 
and for c = t 
fAt)c=f-
fit) 
1 - Pit) 
Now let a function Zit) be defined by 
Z{t) = 
fit) 






The nature of this function Zit) can be ascertained from the following: 
If t represents the time to failure of a tool, Zit)dt is the probability 
that a tool that has survived up to time t will fail in the next time in-
terval dt. This function is designated as the hazard function. 
In mortality statistics, Zit)dt is the probability that a person aged 
t will die in the next interval dt; it is referred to as the "force of mor-
tality." It is evident that Zit), the hazard function, is a measure of 
hazard or risk of failure. 
S i n g l e - I n j u r y F a i l u r e Mode l 
Consider an impact-sensitive tool prone to chipping, for example 
a carbide or an oxide tool of moderate modulus of rupture in use to 
rough-machine a forging or a casting in an automatic chucking ma-
chine. Let it be assumed that this tool will fail catastrophically (i.e., 
crash) the first and only time it sustains a significant injury in the form 
of an impact. Let it also be assumed that a mischucking, a flash, or a 
fin in the component can cause an impact load of a magnitude suffi-
cient to cause the tool to crash. Assume further that the hazard of such 
an injury is finite but constant. 
For example, all castings and forgings may be perfect (i.e., free from 
damage-producing flashes, fins, etc.), but the chucker may mischuck 
occasionally at random. Or there may never be a mischuck, but a finite 
number of the components may be defective (i.e., possess damage-
inducing flashes, fins, etc.) and be dispersed randomly in the conveyer 
feeding the automatic system or in the component bins. In other 
words, the hazard function Zit) is constant and time-independent. 
The tool and the components are homogeneous in quality. 
It is of interest here to ascertain the nature of tool-life scatter for 
such cases. To be precise: What is the probability density function 
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For the present case the hazard function Zit) is constant; that is, Z(t) 
= 1/X. Substituting for Zit) in equation (12), we get 
/ ( t)- i„p(-i) 
and 
Fit) = 1 - exp (4) 
(13) 
(14) 
The probability density function of tool failure for a constant and 
time-invariant hazard machining condition is thus found to be an 
exponential function; that is, an exponential distribution of tool 
failure times will result in practice for the specified problem. The 
mean time to failure or the mean tool life is inversely proportional to 
the hazard faced and is given by X. 
This is not an unexpected result, and the obvious way to improve 
tool life is to reduce the hazard of failure. Under production machining 
conditions it is common practice to change the carbide or oxide grade. 
The analysis presented here shows that the same result can be ob-
tained by improving the chucking system or by improving the geo-
metric qualities of the incoming components. The optimal choice 
depends on the relative cost of altering the hazard. 
T i m e - D e p e n d e n t S i n g l e - I n j u r y Mode l 
It has been suggested that in many machining operations the tool 
quality can be degraded by use. For example, the resistance to failure 
of the tool used may decrease with time due to thermal or mechanical 
fatigue [3]. It is possible that the tool, in the course of use, may develop 
a crater. In this case the mechanical resistance to failure is lowered 
by the change in geometry of the cutting edge as a result of crater 
formation. Such time-dependent changes can obviously be expected 
to alter the tool-life distribution. 
The single-injury failure model developed in the previous section 
can be modified to take into account such time-dependent pertur-
bations as shown below. The progressive reduction in resistance to 
failure is equivalent to an increase in failure hazard with time. The 
problem can therefore be treated as one involving a time-dependent, 
monotonically increasing hazard function. In other words, the risk 
of tool failure increases with increase in time. Solutions for linear 




Zit) = C\t = — where Ci = — (a constant) 
X2 X2 
It 
fit) = 7 i e x p ["©'] (15) 
For 
Zit) = C2t
2 •• 3£f 
X3 
where Ci = — (a constant) 
3t2 /a) = ̂ exP[-(i)
3] (16) 
An examination of tool-life distribution functions fit) of equations 
(15) and (16) shows that these are in fact Weibull distributions. The 
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standard form of Weibull distribution [4] is given by 
««-*£-[-en 





The associated cumulative distribution function Fit) is given by 
F(i) = l -exp|^-Q' 1J (19) 
The first moment about the origin of the Weibull distribution is given 
by 
»-»m (20) 
It is apparent from the general expression of the Weibull distribution 
function that the first case analyzed, the time-independent case, is 
a limiting case of Weibull distribution with ji = 1. 
C o m b i n e d H a z a r d s 
For the analytical models examined thus far it has been implicitly 
assumed that the source of tool failure is a single class of hazard. In 
practice, several classes of hazards may be present. They may act 
independently of each other or in conjunction with each other. In a 
given machining operation the thermal and mechanical cycling en-
countered may give rise to nucleation and growth of cracks in the tools. 
It is possible that thermal or mechanical cycling may give rise to 
stresses of a magnitude sufficient to cause tool failure in tools pos-
sessing finite cracks, independently of overstressing loads due to 
impact-type hazards. It is also possible that the stresses induced by 
the thermal and/or mechanical cycling, while sufficient to cause crack 
growth, may be insufficient to give rise to catastrophic failure. Then, 
for a fixed impact-load magnitude, the cracks need to grow to a critical 
size before the prevailing impact hazard can induce catastrophic 
failure. In this case the concerted, joint actions of both the hazards 
are necessary to induce tool failure, while in the first case the hazards 
acting independently of each other may produce catastrophic failure. 
The resulting tool-life distributions are different. They are also more 
complex than in the case of single-class hazard. 
If tool-life distribution data were available, it would in principle 
be possible to deconvolute the pooled distribution to separate the 
component distributions arising from each class of failure hazard. For 
this to be possible it would be necessary to know the nature of the 
component distributions that are superposed and the rules of su-
perposition. This problem is examined in the following sections. 
C o m b i n e d H a z a r d s A c t i n g I n d e p e n d e n t l y 
Let it be supposed that the tools may fail either due to mischucking 
or due to geometric hazards (flashes, fins, etc.) possessed by rough 
components. In a large production run of iV components, let n\ be the 
number of components mischucked and let n2 be the number of 
geometrically hazardous components. In the limit as N approaches 
infinity, the associated hazards are 
Ci 
' N ' 
2_ and " 2 
1 
C2 = ^ = -
(21) 
The tool-life density distribution that can be expected under these 
circumstances may be calculated as follows. Since the source of failure 
is either hazard Ci or hazard C2, for the tool to fail by hazard Ci it 
must not have failed by hazard C2. Similarly, the tool must have 
survived failure by hazard Ci if it is to fail by the action of hazard C2. 
Defining survival probability R(t) as 
R(t) = 1 -F(T) = 1 - Cf(t)dt 
Jo 
(22) 




It is seen that when more than one source of failure is able to act in-
dependently to lead to tool failure, the failure hazards are additive. 
That is, 
Zn(t) = Y, ZM (26) 
and 
fit) •• Zn(t) • exp [-Jo'z„«)dij (27) 
The validity of these equations can be proved rigorously, but this is 
not of direct interest here. The hazard function when a time-inde-
pendent hazard and a time-dependent hazard act independently to 
give rise to tool failure is seen to be 
, , 1 /f t" - 1 
Z(t)= — + - (28) 
Xi A2<* 
The pooled failure distribution density function is then 
fit) = h(t) • R2(t) + hit) • RAt) (29) 
where 
hit) i e x pK] 
# i ( i ) = exp - — 
/2(i) = ^ 7 ~ " e x p [<)"] 
and 
*,(0-«p [-(£)'] 
C o m b i n e d H a z a r d s A c t i n g i n C o n c e r t 
When failure results as a consequence of concerted, joint actions 
of a number of hazards, the pooled probability of failure Pit) must 
obey the product law of probabilities. That is, given two hazards Z\it) 
and Ziit) with the associated failure probabilities P\it) and P2it), 
the joint probability of failure is 
Pit) = PM) • P2it) (30) 
the pooled failure distribution density fit) is obtained as 
Differentiating, 
fit) = hit) • P2(t) + hit) • Pdt) (31) 
= hit) • (1 - R2it)\ + hit) (1 - RAt)\ (32) 
= | Z i ( t ) e x p [ - J ^ Z i ( t ) ] ) { l - e x p [ - J ^ Z 2 ( * ) ] [ 
+ { z 2 ( t ) e x p | " - J ^ ' z 2 ( t ) l } f l - e x p T - J ^ ' Z i ( t ) ] ] (33) 
The failure distribution density function is obviously more complex 
than in the case of independent hazards. 
S u m m a r y a n d C o n c l u s i o n s 
By use of the hazard function concept, it has been shown that the 
tool-life scatter that can be expected in cases where a single injury is 
sufficient to cause tool failure during production machining conditions 
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can be examined analytically. For the first time it is shown that the 
tool-life distribution that results from a specific set of hazards of 
failure can be predicted. It is shown that in general the tool-life dis-
tribution is given by a Weibull distribution (one class of hazard only) 
for a single-injury failure model. This distribution is valid for both 
time-dependent and time-independent failure hazards. 
From the results obtained it is clear that any time-dependent 
degradation of tool quality can be ruled out if the tool-life distribution 
is a Weibull distribution with the shape parameter equal to one (/3 = 
1). If the distribution obtained is a Weibull distribution with f} ̂  1, 
it is an unambiguous indication of tool failure under the influence of 
a time-dependent tool quality degradation process. 
More complex tool-life distributions, in the absence of measurable 
wear, are clear indications of the operation of a multitude of hazards. 
In such cases the data obtained must be deconvoluted to establish the 
severity and nature of each class of hazard, using both the indepen-
dent-hazard and joint-hazard assumptions. This can be done only 
empirically and may require computer processing of the tool-life 
data. 
The analytical models developed here also raise some questions 
about the testing methods used to assess the impact resistance and 
thermal or mechanical fatigue resistance of cutting-tool materials. 
The tests currently in use employ a disk, a truncated cone, or a cyl-
inder, all carrying a finite slot. The tests are carried out in a lathe using 
a facing operation for the disk and a turning operation on the surface 
of the truncated cone and the cylinder. In the disk and cone tests the 
feed is constant, and the cutting speed is varied. In the slotted-cylinder 
test [3] the speed and feed are maintained constant. The feed rate is 
raised in graduated steps to induce tool failure. In all these tests an 
interrupted cutting condition is simulated because of the presence 
of the slot. 
It is known that the cutting forces and the tool-chip contact length 
are strongly dependent on the cutting speed. Thus in the disk facing 
test and in the cone turning test neither the mean tool loading nor the 
impact-stress magnitude can be maintained constant in the course 
of the test. Moreover, for a fixed slot width the thermal-cycling-time 
ratio (ratio of cutting time to no-cutting time per cycle) is also not 
constant. Thus in the course of these tests, both the loading param-
eters and the resistance to tool failure (modulus of rupture is a tem-
perature-dependent property) are variable. It is apparent that even 
with tool-life distribution data from these tests it will be nearly im-
possible to separate the mechanical resistance to failure of the tool 
from the thermal shock resistance of the tool material. 
In the slotted-cylinder turning tests the scale of the process is al-
tered by changing the feed rate [3]. It is known from machining tests 
that the mean interface temperature (and therefore the effective test 
temperature for the tool material) is subject to much smaller variation 
with changes in scale. Here the mean load and the impact magnitude 
are the primary variables, and they may be varied in a controlled 
manner by varying the feed. Tests at different effective temperatures 
are possible with different cutting speeds. By changing the slot width, 
the ratio of on-time to off-time can also be maintained constant in 
each test. It would therefore appear that the tool-life distribution data 
obtained from this type of test may be more amenable to analysis by 
the models postulated in this study. 
Finally, many brittle materials often exhibit what is known as static 
fatigue. If the cutting-tool materials possess such a property, the re-
sults of a tool-life distribution test will show it in the form of a dis-
placement to the right (larger t values) of the entire distribution. 
Under these conditions a time threshold of sensitivity T is said to exist, 
and the distribution for a single time-dependent hazard will assume 
the following form for T> t. (For t < r, f(t) = 0.) 
'" ' •V- 'HT )] (34) 
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Appendix 
Principal parts of the work presented here were initially discussed 
in the second Harold Armstrong Memorial Lecture given at Monash 
University, Clayton, Victoria, Australia, Nov. 27,1975, by one of the 
authors (S.R.). At the reviewers' request, we cite an additional ref-
erence [5]. In this paper, Rossetto and Levi present a stochastic model 
for tool-life distribution. They use an exponential and a log-normal 
distribution function to describe failure by fracture and by wear, re-
spectively. To account for failure by either one of the two modes they 
use an arbitrarily chosen empirical function given by equation (6) of 
their paper. In order to integrate the probabilistic model with the 
conventional Taylor tool-life equation, they also make an unjustified 
assumption that the hazard rate for fracture (X in their terminology) 
is independent of the cutting speed. 
In contrast to this, in our work a formal theory of failure based on 
causality is developed to account for the distribution of tool life. The 
analysis of tool failure when more than one source of failure exists is 
treated in a rigorous manner—equations (21)-(33) of this paper. The 
possibility of delayed failure processes (due to static fatigue or other 
causes) is also foreseen, and the relevant solution is presented— 
equation (34). 
Negishi and Aoki [6] have recently carried out systematic tool-life 
distribution studies during interrupted cutting. A medium carbon 
steel (JIS-SCM4) was machined with P10 carbide inserts (negative 
rake) at 100 m/min with a depth of cut of 1.5 mm and a feed of 0.335 
mm/rev. The results obtained are in excellent agreement with equa-
tion (34) developed in this paper. Thus their series of tests experi-
mentally validates the theory presented in this Part I of this work. The 
tool-life distributions derived here and in Part II may also be used in 
conjunction with the recent work of Kendall and Sheikh [7] to cal-
culate optimal tool replacement strategies. 
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